Alternating current loss in radially arranged superconducting strips 



O 

o 

(N 



o 
o 

u 

Oh' 



X3 
O 

o 



> 
m 

(N 
O 

o 



I 

o 
o 



X 



Yasunori Mawatari 

Energy Technology Research Institute, National Institute of Advanced Industrial Science and Technology, 

Tsukuba, Ibaraki 305-8568, Japan 

Kazuhiro Kajikawa 
Research Institute of Superconductor Science and Systems, Kyushu University, 
6-10-1 Hakozaki, Higashi-ku, Fukuoka 812-8581, Japan 
(Dated: February 16, 2006) 

Analytic expressions for alternating current (ac) loss in radially arranged superconducting strips 
are presented. We adopt the weight-function approach to obtain the field distributions in the 
critical state model, and we have developed an analytic method to calculate hysteretic ac loss in 
superconducting strips for small-current amplitude. We present the dependence of the ac loss in 
radial strips upon the configuration of the strips and upon the number of strips. The results show 
that behavior of the ac loss of radial strips carrying bidirectional currents differs significantly from 
that carrying unidirectional currents. 
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Alternating current (ac) losses are of great importance 
for electric power applications of superconducting wires. 
Most of the commonly used high-temperature supercon- 
ducting wires have tape or strip geometry, and theoret- 
ical expressions for hysteretic ac losses for a single su- 
perconducting strip have been derived by Norris-- for ac 
transport currents and by Halse^ for ac magnetic fields, 
based on the critical state modeli^ See also Ref. 0. Al- 
though electromagnetic interaction among multiple strips 
must be considered in multifilamentary wires and electric 
power devices, only a few studies have been carried out to 
derive analytic expressions for ac loss in multiple strips, 
e.g., in arrays containing an infinite number of strips§i or 
in two coplanar strips^ 

In this letter, analytic expressions are derived for ac 
loss in another type of multiple strips, namely, radially 
arranged strips. In the radial strips, each superconduct- 
ing strip has width a—b and thickness d (where a > b ^ d 
and a—b ^ d), and is infinitely long along the z axis. The 
critical current of each strip is given by Ic = jcd(a — b) , 
where jc is the constant critical current density.^ The 
strips of number n are radially arranged, as shown in 
Fig. ^ The fcth strip carries a transport current of Ik , 
and we consider the radial strips carrying unidirectional 
currents (i.e., all strips carry transport currents of identi- 
cal direction, Ik+i = Ik) and those carrying bidirectional 
currents (i.e., neighboring strips carry transport currents 
of opposite directions, Ik+i = —Ik)- Radial strips of 
n = 2 corresponds to two coplanar strips, as investigated 
in Refs.iandi. 

First, we consider radial strips carrying unidirectional 
currents, and each strip carries a transport current Ik = 
/q (where Ik is monotonically increased from = to 
Ik — lo) along the z axis. The sheet current in each strip 
is identical and is denoted by Kz{p), and the magnetic 
field component perpendicular to the kih. strip aX 9 — 
i?fc is also identical and is denoted by IIg{p). The Biot- 
Savart law for radially arranged strips with unidirectional 



currents is reduced to 
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In the ideal Meissner state, the perpendicular magnetic 
field in the strips is zero. The field distributions (i.e., the 
sheet current and the perpendicular magnetic field) in 
the ideal Meissner state are given by K^ip) = Km{p\ a, b) 
and IIg{p) = HMip', a,b), respectively, and the Meissner 




FIG. 1: Configuration of radially arranged superconducting 
strips. The feth strip is at 6 < p < a and 6 = -Ok = 2-Kk/n, 



and carries a transport current lu [where p = {x^ + y^] 
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6 = &rctaji{y / x) , and k = 1,2, •■■ ,n]. Positive integer n 
denotes the number of strips, and this figure shows an example 
for n = 8. 
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distribution functions are given by 



Substitution of Eqs. 0, and (dJ into Eq. (jSJ yields 



j2Ho(p;u,w) for w < p < u, 

Km{p;u,v) ^ i . (2) 

I otherwise, 

{-~Ho{p;u,v) for < p < w, 

for t; < p < u, (3) 

Ho(p; u, w) for p > u, 

where m > ?; > and Ti.o{p; u, v) is defined by 



no{p;u,v) 
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2tt ^|(p" ~ u«)(p" - -y")! 
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Equation 101 with corresponds to the current distri- 
bution in a strip situated in a wedge-shaped magnetic 
cavity.^ 

In the critical state model, Kz{p) and Hg{p) satisfy 

Kz{p) — icd tor b < p < P OT a < p < a, (5) 
Hg{p) =0 for /3 < p < a, (6) 

where a and /? are parameters for the flux front. We 
adopt the weight-function approach^ to obtain the field 
distributions; that is, the Kz{p) and Hg{p) in the critical 
state model are given as the superposition of the Meissner 
distribution functions as 



Kz{p) = du dv^{u,v)KMip;u,v), (7) 

J a J b 

He{p) ^ du dv'ilj{u,v)HMip;u,v), (8) 

Ja Jb 

where ip{u,v) is the weight function which fulfills 



du / dv ^l'{u, v) = 1. 



(9) 



Equations 10 and satisfy Eqs. and for any 
ip{u,v), and Eq. is necessary to guarantee Iq = 
Jl^ dpKz{p). We obtain a, (i, and ^{u,v) by solving 
Eqs. ©, 0, and 0. 

For a small current of Iq -€1 Ic, the flux fronts are close 
to the edges of the strips, a ~ a and /3 ~ 6, and the 
weight function can be approximated as 



ipiu, v) ~ tpa/^y{a~u){v-b), 



(10) 



where ipo is a constant. Equation with for a ~ a 
and /3 ~ 6 is reduced to 



, ,1 2ipb/ Vp-v for b < V < p < l3, 

KM{p;u,v)~i / / / (11) 

2ipa/ yu — p lor a < p < u < a, 



where the constants ipa and iph are defined by 



Iq / no" 1 
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(12) 



jcd ~ 47r'0o</'fc\/a - a, j^d ^ 47r'0o</'a - 6- (13) 

The constant ■00 is determined by substituting Eqs. H10() 
and (jni into Eq. 0, yielding Vo = (jcrf)^/(47r^(paV6)- 
Equation (|13|) is thus reduced to 

a - a ~ (7rv3a/jcd)^, (i - b ~ [TTLpb/ jcd^ . (14) 

Equation with for a ~ a and /3 ~ 6 is reduced to 



Tj ( \ J -^b/yjv - p tor b < p <v < P, 
Hm{p;u,v)~1 ^ / / / (15) 

and the perpendicular magnetic field near the edges of 
strips is calculated from Eq. as 



jcd 
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arctanh 
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p ~ a 
a — a 



for & < p < /?, 



for a < p < a. 



(16) 

Here, we consider radial strips carrying unidirectional 
ac of amplitude /q, and the ac loss in radially arranged 
strips of number n per unit length for one ac cycle is 
defined by Q = n J^y^^^dt dpE^K^, where is the 
electric field in the strips. The hysteretic ac loss is cal- 
culated from the perpendicular magnetic field given by 
Eq. H16() for monotonically increased currents as 



Q = Anpojcd 



dp{a - p)IIe{p) 
dp{p~b)He{p) 



(17) 



and substitution of Eqs. ifTCl) and itT^ into Eq. (fTTj) yields 



4n 
3^' 



Poiicdf {a-af + {(i-bf 
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(18) 



As seen from Eqs. ()ll|l. H15(l . and H18|l. the ac loss for 
small-current limit (/g <C Ic) is directly related to the 
field distributions in the ideal Meissner state^A The re- 
sulting expression for the ac loss in radially arranged 
strips carrying unidirectional currents is obtained by sub- 
stituting Eq. (221 into Eq. |[TS|) . yielding 



0~ ^:^a 



(19) 



where p^qIq/QuI^ corresponds to the ac loss in a single 
isolated strip! for /o <C Ic, and the geometrical factor 
qn{b/a) is defined by 



qn{s) 



^3(l-s)2[l + g2(»-l)] 

2(l-s")2 



(20) 
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FIG. 2: Geometrical factor qn{s)/n for ac loss in each strip 
Q/n as a function of s = b/a: (a) q„{s)/n for unidirectional 
currents and (b) qn{s)/n for bidirectional currents. Inset 
shows the geometrical factor for total loss gn(s) for bidirec- 
tional currents. 



Figure 13 shows the geometrical factor of hysteretic ac 
loss in radial strips as a function of the parameter s — b/a 
and n. The asymptotic behavior of qn{s)/n — s- 1 for 
s — !■ 1 means that electromagnetic interaction between 
strips can be neglected when the spacing between strips 
becomes much larger than the width of the strip. The 
(ln{s)/n for unidirectional currents shown in Fig. [2Ja) 
monotonically decreases with increasing s, and qn{s) — > 
11? / 2 for s — !■ is finite. The qn{s)/n increases with n, 
because the magnetic field near the outer edges at p ~ a 
increases with n. For large n (i.e., s" ^ 1), Eq. (|20|l is 
reduced to qn{s) — n^{l — s)^/2 cx n^. The ratio of the 
ac loss Qb arising from the inner edges at p ~ & to the 
ac loss Qa arising from the outer edges at p ~ a is given 
by Qb/Qa ^ {p~hf/{a-af 0, {^b/VaY = {h/af^--^\ 
thus yielding Qa> Qb- 

Next, we consider radial strips of even number n car- 
rying bidirectional currents; that is, the fcth strip carries 
a transport current Ik — (— l)'^/o along the z axis (where 
\Ik\ is monotonically increased from to Jo). The sheet 
current and the perpendicular magnetic field in the fcth 
strip at 9 — -dk are given by {—l)'^Kz{p) and {—l)^Hg{p), 
respectively. The Biot-Savart law for radially arranged 



strips with bidirectional currents is reduced to 

He{p)^- dgKM \ 1 ■ (21) 
27r jb p" - 

The field distributions in the ideal Meissner state are 
given by i^z(p) = KM{p;a,b) and Hg{p) = HM{p;a,b), 
respectively, and the Meissner distribution functions are 
given by Eqs. ^ and (PJ, where TLq{p\u^v) for bidirec- 
tional currents is defined by 



noip;u,v) = TOo(u, u) 



i/2-l 



^|(p" - U")(p" - ' 



(22) 



instead of Eq. Q for unidirectional currents. The con- 
stant Too (a, 6) in Eq. H22|l is determined such that Iq — 
Jb dpKMip; a, b), and is given by 



mo{a,b) 



lo na''/^ 



4K(^l-6"/a")' 



(23) 



where K{k) is the complete elliptic integral of the first 
kind. 

The calculations of the field distributions and ac loss 
for bidirectional currents in the critical state model 
are similar to those for unidirectional currents. Equa- 
tions (|5|l- H18|l are all valid also for bidirectional currents, 
except for Eq. ifT^ . Instead, the constants ^pa and tpb for 
bidirectional currents are defined by 



'Pa 



mo{a,b) 



^ na{c 



mo{a,b) 
^Jubia'"- - 6")' 



(24) 



The ac loss for bidirectional currents can therefore be 
obtained by substituting Eqs. lj2S|) and (|21jl into Eq. fH^ . 
The resulting expression of ac loss in radially arranged 
strips carrying bidirectional currents is given by Eq. H19|l . 
where the geometrical factor q„(&/a) is given by 



qn{s) 



7r4n3(l-s)2(l + .s2) 



32s2(l - s»)2[K(Vl - s") 



(25) 



Behavior of the ac loss for bidirectional currents differs 
significantly from that for unidirectional currents. The 
g„(s) for bidirectional currents shown in Fig. |2Ib) is not 
a monotonic function of s for n > 6, whereas (?n(s) de- 
creases with increasing s for n = 2 or 4. Because the mag- 
netic field tends to be canceled out, loss per strip g„(s)/n 
decreases with n, and even the total loss qn{s) can de- 
crease, as shown in the inset in Fig.[2Ib). The elliptic in- 
tegral in Eq. ^ is reduced to K{^/T^^) ~ ln(4s""/2) 
for s" <ti 1, thus yielding (j'„(s) cx 1/n for n oo. The 
qn{s) (X s^2[in(s)]-4 diverges when s — > 0, because the 
magnetic field is concentrated near the inner edges at 
p ^ b. The ratio of the ac loss arising from the inner 
edges to the ac loss arising from the outer edges is given 
by Qb/Qa ^ {'Pb/fa)^ = {a/by, thus yielding Qa < Qb- 

In summary, we theoretically investigated hysteretic 
ac loss in radially arranged strips based on the critical 



4 



state model for small-current limit, Iq <^ Ic- The ac loss 
in radial strips of unit length for one ac cycle is given 
by Eq. H19|l and the geometrical factor (?„(s) is given by 
Eq. (|20|l for unidirectional currents or by Eq. 1251) for 
bidirectional currents. The radial strips carrying bidirec- 
tional currents have advantages for power application: 



both leakage magnetic field and ac loss are reduced when 
the number of strips is large. Such radial strips might be 
applied to current leads, fault current limiters, and/or 
cables »ii 
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